Abstract-We develop an expression for the minimum extra bandwidth needed for a frequency-division multiple-access (FDMA) system to outperform its code-division (CDMA) counterpart uniformly (that is, for all rate n-tuples) in a Gaussian multiple-access channel (MAC). For equalpower sources, the behavior of this factor is as an iterated logarithm of the number of users; hence it increases slowly yet is unbounded. Asymmetric power cases are also studied and it was shown that the equal power scenario provides the least bandwidth expansion factor assuming constant constraint on total power.
B. Intuition
In network information theory (e.g., [1] , [2] , [7] ), the capacity region of the n-user multiple-access channel (MAC) is shown to be the closure of the convex hull of the rate vectors satisfying R(S) I (X(S); Y =X (S c )); 8S f1; 2; 11 1;ng (1) for some product distribution p1(x1)p2(x2) 1 11pn(xn) [1] . For the Gaussian case, with n = 2 users and unity bandwidth, we have the capacity region (achievable, in theory, by CDMA) where N=2 is the power spectral density of the Gaussian noise and P i is the power for user i. For FDMA and the same parameters the capacity region is (again [1] ) R1 W1 log 1 + where B2 is the total bandwidth for n = 2 users and Wi is the bandwidth allocated to user i. Fig. 1 shows the capacity regions' boundaries. The two inner curves (dotted and solid) refer, respectively, to FDMA and CDMA with unity system bandwidth, and correspond to (3) with parameter B 2 = 1 and to (2) . As is well known, assuming equal signal/noise powers and bandwidth the capacity region achievable by CDMA contains that of FDMA. However, it is difficult to respond to the question: "How much better is CDMA than FDMA?" since at the point R 1 = R 2 (or more generally when all of n users have the same rate), there is no difference.
Our approach is to develop the n-user FDMA capacity region which contains its unity-bandwidth CDMA counterpart; the boundary of this is pictured in Fig. 1 as the dashed curve. We refer to this as uniform outperformance. Uniform outperformance of CDMA by FDMA is achievable by a relative increase in bandwidth or in signalto-noise ratio (SNR), or, of course, by a combination of these. Results appear to be clearest when in terms of bandwidth alone, consequently, the question posed here is: "By what factor must the bandwidth allotted to an FDMA system be increased that outperformance of CDMA is assured?"
In the following sections we give the main results: For the equal power user case, we show that the required bandwidth B n is a slowly increasing but diverging function of n, the number of users. We first present the cases n = 2 and n = 3 in detail; as their geometries are intuitive, discussion of these is helpful, but our real goal in this is to introduce the recursion we shall use for general number of users n. We do so, and find that for large n, Bn grows as log (log (n)). With unequal power sources, we show that FDMA requires larger 0018-9448/99$10.00 © 1999 IEEE total bandwidth than its equal power correspondent given the same total power. We also study a specific case where the sequence of user powers is such that the ratio between the neighboring two is constant, and show that it has a divergence rate at least in the order of log (n). Note that the base of the logarithm does not play any role here as it merely determine the information unit of the quantity involved, we will from now on consider all logarithms as natural. We use the convention to denote by W i the bandwidth utilized by user i while Bi is the total bandwidth occupied by i users. Some of the results in this paper have appeared in [6] .
II. THE RESULTS FOR THE EQUAL-POWER CASE
Using the concept of time sharing, it is easy to show that the capacity region of n-user multiple-access channel (MAC) is the closure of a convex hull [1] ; similarly, that of FDMA is a convex closure. Since it is well known that a convex hull is inscribed (or contained) by another convex closure if and only if all the vertices of the convex hull are boundary (or inner) points of the other convex closure, it follows that as long as we can find the minimum bandwidth for FDMA to outperform CDMA at all vertices, we can be sure that FDMA will perform uniformly better than CDMA.
A. The Two-User Case
First consider the simple case of n = 2. From Fig. 1 
A similar result can be obtained for vertex 2 with the roles of user 1 and user 2 reversed.
It is easy to see from the capacity region in the n = 2 case that changing the users' signal-to-noise ratios (P 1 =N and P 2 =N) changes the shape of the CDMA capacity region, and hence the required FDMA bandwidth varies accordingly. In this section, we assume all users have the same power, and define the signal-to-noise ratio = Pi=N for all i. With this notation and assumption, the constraint on B2 for the case n = 2 becomes 
and the minimum B 2 can be solved for numerically. For example, for = 1 we find that the minimum bandwidth necessary for an FDMA system uniformly to outperform a unit-bandwidth CDMA system is B 2 = 1:254. This, in fact, is the situation pictured in Fig. 1 : the intercept 1 is easily obtained from the first equations of both (2) and of (3) 
B. The Three-User Case
In the n = 3 user case, corresponding to (2) in the n = 2 user case, we have
and corresponding to (3) we have
in which W 1 + W 2 + W 3 = B 3 . The capacity region is shown in 
(It is easy to derive any needed vertices: for example, that in (10) can be obtained by simultaneous solution of the first, fourth, and seventh lines in (9) as equalities.) Note that the first two coordinates in (10) are those in (4) for the case n = 2, hence the sum of bandwidths of users 1 and 2 must be at least that B 2 obtained in the previous section. For user 3, the remaining bandwidth is B 3 0B 2 where B 3 is the quantity we seek. We thus have the following equality for user 3:
which gives B3 recursively from B2. If, as in the previous section, we use = 1, we get B 3 = 1:390, meaning that a three-user uniformly outperforming FDMA system requires a 39% increase in bandwidth as compared to a CDMA system. This is a relatively large increase compared to the 25.4% of the two-user case; in the following section we investigate the behavior of B n for general n. . From the former (linear-scale) plot it appears that an asymptote is reached; however, from the latter (logarithmic-scale) plot it is clear that this is not so. The results, including its divergence rate, are summarized in the following theorem.
Theorem 1:
Consider the Gaussian MAC with equal-power users. Assume unit bandwidth for the CDMA. Then the FDMA that has rate region uniformly dominating the capacity region of CDMA must utilize a bandwidth of Bn which is determined as a function of number of users by the recursion in (13) with B 1 = 1. Second, larger (SNR) will result in smaller B n . Further, B n diverges, albeit very slowly as log (log(n)).
The proof of the theorem is lengthy and we defer it to Appendix A. The second statement indicates that although the asymptotic divergence rate is log (log(n)) regardless of what value is, does control how fast such a divergence rate is approached.
III. ASYMMETRIC USER-POWER CASE
In the preceding section we restricted our attention to the equal user power case. Here we investigate the behavior of the bandwidth expansion factor when different users have different powers.
A. Symmetric Versus Asymmetric User Powers
We show in this section that in terms of bandwidth expansion, the equal power case is most favorable to FDMA, in that FDMA requires minimum extra bandwidth for uniform outperformance when the power is equally assigned to each user. Assume that the n users are ordered according to their power, i.e., P1 P2 111 Pn; we consider, throughout this section, the vertex that corresponds to an The reason that we can use this particular vertex to obtain our general result is that if FDMA requires B n to outperform CDMA at that particular vertex, then the total bandwidth required by FDMA for uniform outperformance must be at least B n . We begin with the following two lemmas.
Lemma 1: Suppose y is determined by x through the following equation:
y log 1 + x Ny = log 1 + x N + P 0 x with N > 0 and 0 < x < P. Then y is monotone increasing in x.
The proof is in Appendix B.
Lemma 2: With n users each having power P i and n i P i = P , the bandwidth expansion factor for FDMA to outperform CDMA at the vertex in (14) is minimized if and only if P i = P=n for all i.
Proof: We prove by induction.
• n = 2.
For n = 2, the vertex in (14) becomes
The outperformance of CDMA by FDMA requires, as in (5) and (6 and P1 + P2 = P by our constraint. Hence P2 = P=2.
• Assume that for n = k the result holds, and consider n = k + 1.
We denote P M as the maximum power used by a single user.
At the vertex in (14), the following must be true:
(B k+1 0 B k ) log 1 + P M (B k+1 0 B k )N log 1 + PM N + P 0 PM where B k+1 0 B k = W k+1 is the power required for the (k + 1)th user. Using Lemma 1, we see B k+1 0 B k is a monotone increasing function of P M . Our first goal is to make PM as small as possible. Second, we need to minimize B k as B k+1 = W k+1 + B k = (B k+1 0 B k ) + B k . Since the result holds for n = k, we know that the remaining power P 0 P M must be distributed evenly among the k users as the first k inequality is identical to those of k users. Also, from Theorem 1, we know that B k is monotone decreasing in = P 1 =N hence is monotone decreasing in P 0 PM. Thus our second goal is to make P 0 P M as large as possible. Under the assumption that P M is the maximum user power, the two goals can be simultaneously met with PM = P=(k + 1), i.e., we must have the equal power scenario.
Theorem 2: With n users each having power P i and n i P i = P , the bandwidth expansion factor Bn for FDMA to outperform CDMA is minimized if and only if P i = P=n for all i.
Proof: From Lemma 2, we see that for any unequal power user case, the bandwidth necessary for outperformance of CDMA by FDMA at the vertex in (14) must be greater than the corresponding vertex with equal power users. But for the equal power user, all vertices (except those trivial ones) are identical to each other. Therefore Lemma 2 implies that the bandwidth required at (14) for the unequal power case is greater than the bandwidth for uniform outperformance in the equal power user case. But the bandwidth necessary for uniform outperformance in the unequal power case is at least the amount obtained using vertex (14) . Hence the general result holds.
An illustration with unequal-power users with n = 2 is shown in Fig. 5 with P 1 < P 2 . We see that the FDMA with the least bandwidth that outperforms unit-bandwidth CDMA is tangent at only one vertex of the CDMA capacity region. Further, such vertex, marked by "o" in the plot, corresponds to (14) with the ascending order of user powers.
B. The Special Case P n+1 = P n
We investigate a specific case to see how the bandwidth expansion factor behaves with unequal user powers. As mentioned before, we restrict attention to outperformance at vertex (14). Assume the user powers are as follows: P 1 ; P 2 = P 1 ; 11 1P n = n01 P 1 where > 1. Thus P1 is the minimum user power, and the ratio of two neighboring user powers is . The vertex in (14) becomes log 1 + P 1 N ; log 1 + P 1 N + P 1
; 11 1;
The inequality obtained is, therefore, (B n 0 B n01 ) log 1 + P 1 n01 (B n 0 B n01 )N log 1 + P1 n01 N + P 1 n02 i=0 i
where Bn is the total bandwidth required for the n users and
Bn01 is the bandwidth allocated to the first n 0 1 users. Denote W n = B n 0 B n01 being the bandwidth required for the nth user, we get W n log 1 + P1 n01 Note the rate of divergence at vertex (14) does not depend on ; determines only how fast such an asymptotic divergence rate is approached. Note that as W n ! 1=n, B n = W i diverges asymptotically at the rate of log (n), as compared to log (log (n)) for the equal power case. The above divergence rate is obtained using the particular vertex (14), hence the divergence rate for uniform outperformance is, therefore, at least at the rate of log (n).
Since = 1 corresponds to the equal power case, this suggests that there exists (asymptotic) "discontinuity" in the behavior of B n as a function of the number of users n at = 1. Plotted in Fig. 6 are such functions for different values of . It is seen that = 1 is distinguished in its behavior as n grows large, even compared with a that is only slightly larger than 1.
C. Discussion of Vertex (14)
Assume we have n users each with power Pi for i = 1; 2; 111; n.
For uniform outperformance of FDMA over CDMA in terms of achievable rate, the convex hull representing the capacity region of CDMA with unit bandwidth must be either contained or inscribed by the convex closure of FDMA with total bandwidth B n > 1. The minimum bandwidth W , therefore, corresponds to the case that at least one of the vertices of the CDMA convex hull lies exactly on the surface of the FDMA region while others fall inside it.
We suspect that the vertex specified by (14) is such a vertex. Finding those outward vertices is easily seen to be equivalent to the following optimization problem. That the vertex (14) be the most "outward" vertex of the CDMA capacity region is equivalent to saying that the solution to the above maximization problem is the permutation of Pi's according to the ascending order, which in turn can be shown to be equivalent to the following conjecture. where N N0 and P1 P2; all quantities involved are positive. We claim x 1 + x 2 y 1 + y 2 . (14) as a function of the number of users n, in a Gaussian channel. Here is the ratio between neighboring user power, meaning Pn = n P 1 , and we have P 1 =N = 1. We see that the equal power case (corresponding to = 1) behaves quite differently from other values of .
The "unequal user-power" results given in this correspondence do not depend on (14) being the most outward vertex, in that the bandwidth expansion factor for FDMA to outperform CDMA is at least the value obtained using this vertex. Extensive computational experience supports the conjecture, meaning, of course, that this "bound" is in fact exact. However, proof of the conjecture is an open issue.
IV. CONCLUSION
This correspondence studies from a network information-theory point of view the achievable capacity of CDMA and FDMA in a Gaussian MAC. The minimum bandwidth for FDMA to perform uniformly better; for all rate n-tuples; than unit-bandwidth CDMA as a function of the number of users is obtained as a recursion for equal power case. This bandwidth-expansion factor is shown to diverge with the number of users n, but very slowly at the rate of log (log (n)). It was also shown that the equal power case provides the best scenario for FDMA; it has the least bandwidth expansion factor to outperform CDMA given the total power remains constant.
For the specific case when P n = P n01 for all n, the divergence rate was shown to be at least log (n) in contrast to that of the equal user power case. Thus the equal-and unequal-user-power cases appear to behave very differently. Hence B n = n i=1 c i diverges, asymptotically at the same rate as 1=(n log (n)).
APPENDIX B PROOF OF LEMMA 1
Proof: Define z = x=y, we have The inequality follows from the fact that 
